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Abstract-The present work deals with free convection of polyatomic gas, for which the thermal conduc- 
tivity, viscosity and specific heat are assumed to vary with absolute temperature according to a simple 
power law, the density is taken as inversely proportional to absolute temperature at constant pressure, 
while the Prandtl number is assumed constant. The energy equation is so revised as to consider the variation 
of the specific heat with temperature, and the governing partial equations for laminar free convection of 
the polyatomic gases are treated as dimensionless ordinary equations by similarity transformation. The 

numerical results are given and are well discussed. 

1. INTRODUCTION 

THE EFFECT of the variable fluid properties on laminar 
free convection heat transfer of monoatomic gas, 
biatomic gas, air and water vapour along an iso- 

thermal vertical flat plate has been reported in a pre- 
vious paper [I], in which the temperature parameters 
are used to describe the change of viscosity and 

thermal conductivity with temperature according to a 
simple power law, respectively, the density is taken 
as inversely proportional to thermodynamic tem- 

perature at constant pressure, while the Prandtl num- 
ber is assumed constant. However, the variation of 
specific heat with temperature is more obvious for the 

polyatomic gases. Hence, it is necessary to consider 
also the effect of variable specific heat on the laminar 
free convection of polyatomic gases. The present work 

deals with such a variation of specific heat with tem- 
perature further as c - T”rp for analysing laminar free 
convection of the polyatomic gases. 

2. BASIC CONSIDERATION OF TtlE 

VARIABLE PROPERTIES 

The thermodynamic temperature of the gas far 
away from the wall, T,, could be taken as the ref- 
erence temperature, To, for free convection analysis. 
As in ref. [l], the variations of p, 2, p and v with 
thermodynamic temperature for the polyatomic gases 
can be expressed as follows : 

v/v* = (T/T,)“r+ ‘. (4) 

In addition, we further assume 

c&& = (T/T,)‘%. (5) 

According to the summarized experimental value 
of ,u, L and cp for several polyatomic gases reported 
in refs. [2-51, np, n,, nCp and the deviations of p, 3, and 

cp therefore arising from the corresponding exper- 
imental data are listed in Table 1. 

3. GOVERNING EQUATION 

The analytical model and coordinating system used 
for free convection of gas along an isothermal vertical 
flat plate is shown in Fig. 1. The boundary layer ,is 
laminar when Ra (= Gr Pr) is less than lo9 [6]. 

The conservation equations of mass, momentum 
and energy for steady laminar free convection in a 
boundary layer for the polyatomic gas are as follows : 

P wx ( a(c r> “+w,%a)=2&c). (8) 
ax 

The boundary conditions are 

Y = 0, w, = 0, WY = 0, T= T, (9) 

Y-m, wx -0, T+ T,. (10) 

As in ref. [ 11, the partial differential equations (6)- 
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diffusivity [m 2 s- ‘7 
specific heat at constant pressure 
[J kg-’ IV’] 
gravitational acceleration [m s ~ *] 
local Grashof number, 

gx30-JL - 1)/v: 
temperature exponent for specific heat 
temperature exponent for dynamic 
viscosity of gas 
temperature exponent for thermal 
conductivity of gas 
pressure fN m - 2] 
Prandtl number, c~Jlz 
locat heat transfer rate per unit area from 
wall to fluid [W m-*1 
absolute temperature [K] 
velocity component in the x-direction 
[m s- ‘1 
velocity component in the y-direction 
[m s- ‘1 

wx dimensionless velocity component in the 
x-direction 

ry, dimensionless velocity component in the 
y-direction. 

Greek symbols 
a local heat transfer coefficient 

[W mm2 K-‘] 
s boundary-layer thickness [m] 
I!? dimensionless temperature, 

O’-- T,>iV~~ - T-1 
A. thermal conductivity [W m- 1 K - ’ 

F absolute viscosity [kg m- ’ s- ‘1 
v kinematic viscosity, p/p [m’ s- ‘] 

P density [kg m -‘I. 

3 

Subscripts 
W at wall 
CO far from the wall surface. 

(8) can be transformed to the correspondjng dimen- 
sionless ordinary differential equations by the fol- 
lowing similarity transformation : 

Y rGrx.ml “4 
9 = x --“-.l”l~-~- 

J2 
(11) 

Then, equations (6)~(8) are transformed to dimen- 
sionless ordinary differential equations as follows : 

d20 1 dA de 
=dq2+.&& (17) 

with the corresponding boundary conditjons 

tl = 0, w, =O, WY = 0, @= 1 (181 

r*co, w,-+o, o-+0. (191 

Combined with equations (5) and (12), equation 
(17) is transformed to 

From equations (l)-(4) combined with equation 
(12), we have 

4. HEAT TRANSFER ANALYSIS 

The local Nusselt number Nu,,, can be expressed 
as follows [1] : 
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The velocity and temperature fields can be solved 
from equations (15) (16) and (20) with boundary 
conditions, equations (18) and (19), combined with 
equations (21)-(24) and so, we can obtain Nu,,, from 
equation (25). It will be expected that, for the case of 
variable properties, the dimensionless velocity field 
and the dimensionless temperature field could depend 

on Pr, n,, nl, n, and (TJT,). 
The calculat:ons were carried out numerically by 

the shooting method [7]. The typical results for the 

velocity and temperature field are plotted in Figs. 2-5, 
and the solutions (de/d?),, = 0 at various temperature 
ratios T,/T, for several polyatomic gases are shown 

in Table 2. 
Using the curve matching method, we have 

d6 

drl,,=o 
= (1$_0.3n,)lj(Pr) (26) 

where 

$(Pr) = 0.567+0.186 In Pr (27) 

m = 0.35ni+0.29n,+0.36, for TWIT, > 1 

(28) 

m = 0.42nl+0.34n,+0.28, for TWIT, < 1. 

(29) 

Hence, equation (25) can be rewritten as 

Nu,, = (1+0.3&J y (Gr,,)“4(T,/T,)“~--“. 

(30) 

The results predicted by equation (26) are com- 
pared with those of the numerical solution from equa- 
tions (15) (16) (20) (18) (19) and (21)-(24), as 
shown in Table 2. The agreement is also pretty good. 

5. DISCUSSION 

Introducing Nu,,, = d,x/l, and 

T, - 1)/v& we have 
Gr,,, = gx3(Twl 

Ww 
1+0.3n, 

= -------~(Pr)(Gr,,,)“4(T,/T,)‘“~t’”2-”. 
J2 

(31) 

For the biatomic gases, air and water vapour, if 
the variation of cp with temperature is taken into 
consideration, the calculated results of - (d@/dq),, = 0 
from equations (15), (16) and (20) combined with 
equations (18), (19) and (21)-(24) are listed in Table 
3. The corresponding results calculated by equation 
(26) with equations (27)-(29) are also enclosed in 
Table 3. The coincidence is very good. So expres- 
sions (30) and (31) in this paper, which originate 
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of cP with temperature for the biatomic gases, air and 
water vapour are of very good coincidence. 

For gases, if T,/T, + 1 and nCP + 0, combined with 
equations (21)-(24) the governing ordinary differ- 
ential equations (1 S), (16) and (20) would be sim- 
plified to the following ones : 

FIG. 1. Physical model coordinate system. 

P+?7Wx+4WY)~ = $. (34) 

from equation (26), are suitable not only for the poly- Then equations (26), (30) and (31) would be respec- 

atomic gases but also all gases. tively simplified to 

By comparing the numerical solutions in Table 3 
with that in Table 2 of our previous paper [l] it is d0 

clear that the calculated results by ignoring variation dg ,,=o 
= Wr) (35) 

0.25 

FIG. 2. Comparison of velocity profiles for free convection of different polyatomic gases : 1. 
(CO2 = 0.13, H,O = 0.11, Nz = 0.76); 2, SO,; 3, NH,. 

gas mixture 
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0 I 2 3 4 5 
? 

FIG. 3. Comparison of temperature profiles for free convection of different polyatomic gases : 1, gas mixture 
(CO2 = 0.13, H20 = 0.11, N, = 0.76); 2, SO?; 3, NH,. 
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FIG. 4. Comparison of velocity profiles for free convection of CO, with different TWIT, : 1, Tw/Tm = 3; 
2, TWIT= = S/2; 3, T,/T, = 2; 4, TJT, = 312; 5, TJT, = 314; 6, TJT, = l/2; 7, TJT, = l/3. 
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FIG. 5. Comparison of temperature profiles for free convection of CO, with different T.JT, : 1, TJT, = 3 ; 
2, T,/T, = 512; 3, T,/T, = 2; 4, TJT, = 312; 5, TJT, = 314; 6, TJT, = l/2; 7, TWIT, = l/3. 

Table 2. Calculated results of -d0/dql, = D : (1) numerical solution of governing equations (15), (16) and (20) with equations 
(IS), (19) and (21)-(24); (2) f rom equation (26) with equation (28) ; (3) from equation (26) with equation (29) 

Gas mixture? CO1 CH, ccl, SO2 
Pr = 0.63 Pr = 0.73 Pr = 0.74 Pi- = 0.8 Pr = 0.81 
np = 0.75 nr = 0.88 n,, = 0.78 n, = 0.912 n, = 0.91 
I.22 = 1.02 n, = 1.3 n, = 1.29 ni = 1.29 n, = 1.323 

T,/T, ncD = 0.134 % = 0.34 ncp = 0.534 
% = 0.28 ncp = 0.257 

3 (1) 
(2) 

512 (1) 
(2) 

2 (1) 
(2) 

312 (1) 
(2) 

514 (1) 
(2) 

314 (1) 
(3) 

112 (1) 
(3) 

l/3 (1) 
(3) 

0.1805 0.1744 0.1908 0. I760 0.1736 
0.1792 0.1729 0.1896 0.1747 0.1722 

0.2136 0.2107 0.2289 0.2130 0.2104 
0.2125 0.2102 0.229 f 0.2125 0.2100 

0.2626 0.2664 0.2870 0.2696 0.2669 
0.2618 0.2669 0.2880 0.2702 0.2676 

0.3435 0.3619 0.3860 0.3670 0.3644 
0.3426 0.3631 0.3892 0.3682 0.3659 

0.4076 0.4408 0.4674 0.4475 0.4452 
0.4062 0.4413 0.4703 0.4480 0.4461 

0.6613 0.7751 0.8095 0.7783 0.7902 
0.6602 0.7745 0.8105 0.7889 0.7903 

0.9752 1.2291 1.2700 1.2504 I .2625 
0.9757 1.2223 1.2594 1.2483 I.2573 

1 Al434 1.9722 2.0185 2.0057 2.0429 
1 A420 1.9289 1.9569 1.9753 2.0001 

HzS 
Pr = 0.85 
n, = 1 
n, = 1.29 

ncp - - 0.18 

0.1696 
0.1687 

0.2064 
0.2062 

0.2630 
0.2637 

0.3609 
0.3620 

0.4419 
0.4425 

0.7873 
0.7903 

1.2582 
1.2658 

2.0308 
2.0274 

NH, 
Pr = 0.87 
np = 1.04 
n, = 1.375 

“CP = 0.34 

0.1709 
0.1699 

0.2093 
0.2093 

0.2690 
0.2700 

0.3733 
0.3752 

0.4608 
0.4621 

0.8415 
0.8448 

1.3751 
1.3805 

2.2802 
2.2558 

t Components of the gas mixture: CO? = 0.13, water vapour = 0.11 and N, = 0.76. 
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Table 3. Calculated results of -dtI/dvl, = 0 : (1) numerical solutions of governing equations (15), (16) and (20) with equations 
(18), (19) and (21)-(24) ; (2) from equation (26) with equation (28); (3) from equation (26) with equation (29) 

TWIT, 

H2 
Pr = 0.68 
n, = 0.68 
n, = 0.8 
n ~~ = 0.042 

Air Nz co 02 
Pr = 0.7 Pr = 0.71 Pr = 0.12 Pr = 0.733 
n, = 0.68 nP = 0.67 np = 0.71 n, = 0.694 
n, = 0.81 n, = 0.76 n, = 0.83 n, = 0.86 
n,; = 0.078 % = O.U7 Y = 0.068 Y = 0.108 

3 (1) 0.2004 0.2042 0.2094 0.2020 0.2047 

(2) 0.1999 0.2035 0.2087 0.2015 0.2039 

512 (1) 0.2334 0.2380 0.2433 0.2362 0.2394 

(2) 0.2329 0.2372 0.2423 0.2355 0.2386 

2 (1) 0.28 14 0.2871 0.2923 0.2859 0.2901 

(2) 0.2807 0.2861 0.2910 0.2851 0.2892 

312 (1) 0.3579 0.3655 0.3699 0.3656 0.3716 

(2) 0.3572 0.3644 0.3685 0.3648 0.3706 

5f4 (1) 0.4167 0.4258 0.4292 0.4272 0.4348 

(2) 0.4[67 0.4247 0.4279 0.4262 0.4337 

3f4 (1) 0.6370 0.6525 0.6492 0.6601 0.6751 

(3) 0.6399 0.6546 0.6519 0.6630 0.6766 

l/2 (1) 0.8906 0.9141 0.8992 0.9311 0.9569 

(3) 0.9022 0.9245 0.9116 0.9435 0.9656 

l/3 (1) 1.243 1 1.2789 1.2420 1.3116 1.3560 
(3) 1.2720 1.3056 1.2748 1.3426 1.3781 

Nux,, (36) 

Nu.x,w = y (a-,,,) l/4. (37) 

Equations (36) and (37) refer to the classical solu- 
tion with Boussinesq’s approximation. This means 
that, in considering the variable fluid properties, the 
classical Boussinesq approximation is only suitable to 
the monoatomic gases when T&/T, + 1, because the 
n+ of these gases tends to zero. For the biatomic gases, 
air and water vapour, the classical Boussinesq approxi- 

mation could be approximately suitable when 
T,/T= + 1, because ncp of these gases is generally 0.1 
only. But for the polyatomic gases, because the vari- 
ation of cP with temperature is very obvious, the classi- 
cal Boussinesq approximation is not suitable when 

TJT, + 1. 

6. CONCLUSION 

The method proposed in this paper, for analysing 
the laminar free convection of polyatomic gases along 

a vertical isothermal flat plate can be taken as a general 
one for all gases, and it could yield reliable results. 

For the monoatomic, biatomic gases, air and water 
vapour, nCP is generally below 0.1, especially for 
monoatomic gases it actually tends to zero, ncD could 
be taken as zero when the variable fluid properties are 
considered. 

In considering the variable fluid properties, as 

Water vapour 
Pr = 1 
np = 1.04 
n, = 1.185 
n CP = 0.003 

0.1740 
0.1739 

0.2113 
0.2117 

0.2682 
0.2691 

0.3655 
0.3668 

0.4453 
0.4463 

0.7783 
0.7858 

I.2194 
1.2432 
1.9208 
1.9667 

T,/T, + 1, the classical Boussinesq approximation 
holds true for monoatomic gases, and nearly true for 
the biatomic gases, air and water vapour, but the 
classical Boussinesq approximation does not hold true 
for polyatomic gases in general. 

The analysis, presented here, extends the one we 
reported previously [I]. 
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EFFET DES PROPRIETES THERMOPHYSIQUES VARIABLES SUR LA CONVECTION 
THERMIQUE LAMINAIRE DES GAZ POLYATOMIQUES 

R&sum&On considere la convection naturelle de gaz polyatomiques dont la conductivite thermique, la 
viscosite et la capaciti thermique varient avec la temperature absolue selon une loi puissance, la masse 
volumique ttant inversement proportionnelle a la temperature absolue a pression constante, et le nombre 
de Prandtl etant constant. L’equation d’energie est reconsiderie pour tenir compte de la variation de la 
capacite thermique avec la temperature et les equations de la convection naturelle laminaire sont traitees 
sous la forme d’equations differentielles sans dimension apres transformation affine. On donne et discute 

les resultats numeriques obtenus. 

EINFLUSS VARIABLER THERMOPHYSIKALISCHER EIGENSCHAFTEN AUF DIE 
LAMINARE FREIE KONVEKTION IN EINEM POLYATOMAREN GAS 

Zusammenfassung-Die vorliegende Arbeit behandelt die freie Konvektion in einem polyatomaren Gas, 
dessen Warmeleitfahigkeit, Viskositat und spezifische Warmekapazitlt gemig einem einfachen Potenz- 
ansatz mit der absoluten Temperdtur variiert. Die Dichte verhllt sich bei konstantem Druck umgekehrt 
proportional zur absoluten Temperatur, wahrend die Prandtl-Zahl als konstant angenommen wird. Die 
Energiegleichung wird so formuliert, da13 die spezifische Warmekapazitlt temperaturabhlngig ist. Die 
partiellen Differentialgleichungen zur Beschreibung der laminaren freien Konvektion in einem poly- 
atomaren Gas werden mit Hilfe einer Ahnlichkeitstransformation in die Form dimensionsloser gewiihn- 

lither Gleichungen gebracht. Diese werden numerisch gel&t. Die Ergebnisse werden diskutiert. 

BJIMIIHHE H3MEHEHHR TEITJIQ@H3H9ECKMX CBOnCPB HA JIAMHHAPHYIG 
CBOSOJIHYIQ KOHBEKHHIO MHOFOATOMHOFO I-A3A 

AnnoTa~ao6omran KoHB~K~K hmoroa~oMr4oro ra3a HccneAy~cnBnPeAnono*eHHH,STo Tennon- 

pOBOAHOCTb,BII3KOCTb a yAeJIbHa,l TeMOeMKOCTb 3aBHCKT OT a6COJIIOTHOfi TeMlTepaTypbI ,I0 IIpOCTOMy 

crenemoMy 3aKoHy, nnoTHocrb 83hfeHneTcn 06paTHo D~O~O~WOH~HO a6coAIoTHoil TeMnepaType 

npH IIOCTOKHHOMAaB,IeHHH,a 'IHCAO npaHATAK C'IBTaeTCR nOCTOKHHbIM.YpaBHeHHe 3HepTHH IIpeO6pa- 

3yeTcn TaKWM 06pa30~, YT06bIywCrb HsMeHemeyAenbHOl TEMO~MKOCTAB 3aBHCHMOCTH OT rehmepa- 
Typbl,a OtI&%2AeJlKIOWif2 flaBHeHHK B 'IaCTHbIX IIpOti3BOAtIbIX QRR JIaMEiHapHOii CBO60AHOii KOHBeKUHH 

MHO~OaTOMHbIX~a30BIIPHBOAKTCR K 6e3pa3MepHblM06bIKHOBeHHbIMAH~~HIJH&IIbHbIMypaBHeHHRM 

CnOMO~bH)OpeO6~a30BaH~~OOAO6HK.~~ACTaBAeHbI~nOApO6HO 06Cy;IcAaEOTCK~3yJIbTaTbIWCJIeH- 

HbIX paC'IeTOB. 
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